Abstract-This paper describes how to evaluate the performance of dexterity measures by investigating the properties of the inverse kinematic algorithms. These algorithms use redundancy to optimize the dexterity measure under the constraint of following a specified end-effector trajectory. To facilitate the investigation, a concept of the construint locus is proposed. The constraint locus is the loci of configurations satisfying the necessary conditions for optimality of a dexterity measure in the configuration space. The topological properties of the inverse kinematic algorithm both on the configuration and operation spaces define the invertible workspace without singularities. Using the global properties of two dexterity measures, we provide a promising algorithm which provides a singular-free and conservative joint trajectory for tasks occupying almost the entire workspace.
I. INTRODUCTION
A kinematically redundant manipulator has the enhanced capability of avoiding obstacles and kinematic singularities [I I] . However, there are infinite number of inverse kinematic solutions satisfying the kinematic function where .r E R"' and H E R " ( m < t ? ) represent the position and orientation of the end-effector and the joint vector, respectively. Therefore, the redundancy resolution of the redundant manipulator has been discussed in the framework of how to optimize some performance measures under the constraint of following its given task.
The motions obtained from pseudoinverse-based schemes are usually nonconservative, and the manipulator may blunder into unstable regions, i.e., near singularities [ 121, [ 151. Optimality constraint-based methods may also cause undesirable effects, such as algorithmic singularities [1]- [3] . These effects have been further discussed by inverse kinematic functions in Baker and Wampler [4] . Also, the properties of point trajectories have been studied by Ghosal [9] .
Although inverse kinematic functions are convenient for analyzing global characteristics, the definition of inverse kinematic functions may be cumbersome, as pointed out by Nenchev [13] . Therefore, a new approach is necessary to properly evaluate the performance of dexterity measures for the redundant manipulator [ 101.
In this paper, we suggest a new concept, called a constraint locus, as a tool for characterizing the performance of a measure. As discussed by Baillieul [ I ] and Chang [6] , the optimality constraint of a dexterity measure H is given by 
where T" is a configuration space.
By applying the constraint locus, we can evaluate the performance of dexterity measures for singularity avoidance. The property of the operational space for each dexterity measure is also examined by the forward mapping of the constraint locus to the operational space. The operational space is further classified by the constrain? locus as well as the locus of singularities. Finally, by observing the global property of the constraint locus, we can obtain conservative and singular-free joint trajectories for any task [5] , [8] .
GENERATION OF THE CONSTRAINT LOCUS
The end-effector velocity can be related to the joint velocity by
where .J E R""" is the Jacobian matrix of f in (1). The generalized solutions have been proposed [12] , which are of the form
where .Jt = J"(5.7' ) -' if .J has a full row rank. One takes either a positive value of k to maximize or a negative value to minimize a performance measure.
Under the assumption that the redundancy is one, we propose the following method to obtain the constraint locus. In order to obtain configurations satisfying (2) regardless of the specified task, we premultiply S' to both sides in (4) . Then (4) becomes (6) Thus, (5) becomes If the value of (7) is zero, it is a closed-form solution [6] .
We adopt the pseudoinverse of .Y' to (7). Then, (7) becomes ir = k\-+.\-'lt + ( I -AY+A\-' )f/. (8) where -Y+ = A\-(A\-' .\-)-I, and I / E R" is an arbitrary vector that controls the direction and speed of sampling the configurations of the consfraint locus. In this case, the initial configuration does not necessarily satisfy (2) because (8) 
CONSTRAINT LOCUS FOR DEXTERITY MEASURES
In this section we describe the constraint loci for two dexterity measures and compare their properties.
Consider a three-link planar redundant manipulator in a horizontal plane as shown in Fig. 1 . We represent the position of the end-effector in 2-D Cartesian Coordinates. The link lengths of the manipulator are assumed to be 11 = 3, 12 = 2.5, and 1 3 = 2 units.
To avoid singularities, several dexterity measures have been proposed previously [3], [7] , [ I 11, [18] . Four of them are given as follows: which has enjoyed widespread use for avoiding singular configurations [I] , [2J, 161, [ I l l . In particular, HL proposed by Chang [7] measures the distance from the singularity represented as the number of distinct nonsingular submatrices of rank i i t and the magnitude of each minor of the Jacobian matrix. Hi was proposed by Klein and Blaho [ l 1 J, and H I was used by Baillieul [3] . Although these measures are effective for avoiding singularities, the evaluation of these measures is not discussed over a whole workspace. In this paper, we will consider the dexterity measures HI and H J since H3 and H I have properties similar to HI .
A. Constraint Locus of HI
The constraint locus of H I is defined by where It I is the gradient of H I .
Using (8), we can obtain the constraint locus as shown in The other is based on the local minima and local maxima to determine which loci produce the singular-free joint trajectory. The local minima and maxima cannot be distinguished by using (2) only. Using the algorithm based on (8), however, we can classify the constraint locus as either the local minima loci (LMINL) or the local maxima loci (LMAXL). Both LMAXL and LMINL are obtained by adjusting the sign of X. in (8) . For a positive X., for instance, LMAXL can be obtained. As shown in Fig. 2 , LMAXL in Group I terminate at the singular configuration Hz = H., = 0, which is the boundary of the workspace. We have observed that inverse kinematic algorithms can blunder into the singular configuration if the minimum configuration of LMINL is chosen as an initial configuration. Additionally, the crossing points between LMAXL and LMINL are algorithmic singularities. The augmented Jacobian of extended Jacobian method is singular even though the Jacobian is nonsingular. The singularity avoidance can not remove these algorithmic singularities; it merely avoids the region in which it occurs.
The invertible workspace is also important in singularity avoidance problems. To characterize the invertible workspace, we transform the loci of the configuration space into the operational space. Fig. 3 shows the constraint locus in the operational space for H I = 0 since the constraint locus is independent of H I . If the task is given in the operational space, one can determine the joint value of H I , and then the constraint locus in the operational space is obtained by rotating HI .
Since the singularities restrict the allowed invertible workspace, let's examine the property of singularities in the operational space [5] . The singular configuration occurs at positions where the continuous loci intersect with singular position at the x-axis in Fig. 3 . This property comes from the fact that the constraint loci can not be transferred from one group to another without encountering singularities. Therefore, the invertible workspace without singularities can be explained by the constraint locus of the dexterity measure.
As shown in Fig. 3 , the workspace 4 is divided into 4(a) and 4(b) to further classify the invertible workspace. The workspace 4(a) is a region bounded by the singular position 3 and a simple manifold with the radius of 4.5. Therefore, the invertible workspace of the inverse kinematic algorithms based on the optimality constraint is limited by the initial configurations even when they are within LMAXL. For instance, when the initial configuration belongs to Group 111, one can obtain singular-free inverse kinematic solution for the task which is in a region bounded by the singular positions of the radius 1.5 and 4.5. Note that the invertible workspace of Group I spans from the base of the manipulator to the boundary of the workspace.
B. Constraint Locus of H.L
In order to preserve the number of distinct nonsingular submatrices of rank I I I and to make the magnitude of each minor as large as possible, the dexterity measure H P , has been suggested for singularity avoidance [7] . The constraint locus of Hz is defined by = { H : -\-' 112 = ().for H E T" 1. (14) is not satisfied at the local minima, the constraint loci depicted in Fig. 4 consist of only LMAXL. Although a kind of joint configurations and conservative problems have been considered, some characteristics of the dexterity measure has not been thoroughly examined [7] . From the above results, however, one can easily understand the relationships between the aspect problem and the conservative problem. The number of the feasible loci reaching the outer boundary from the base is only one for H I , i.e. Group I. On the contrary, the number of the feasible loci for Hn is two, i.e., Groups I and IV. Therefore, with two optimal initial configurations, one can readily obtain two optimal joint trajectories. From the observations on the constraint locus of dexterity measures, we note that the constraint locus becomes more complicated as it approaches the base. Therefore, to readily determine a singularfree joint trajectory, an initial configuration should be selected far away from the base. The property of the constraint locus applicable to the entire workspace will be discussed in the next section.
Iv. GLOBAL PROPERTY OF THE CONSTRAINT LOCUS
So far, we have considered important properties of the inverse kinematic algorithms for a redundant manipulator. As previously discussed, the constraint locus is a set of configurations satisfying the optimality constraint, while self-motion manifolds are a set of inverse kinematic solutions for a given position [5] . Therefore, an inverse kinematic solution, which optimizes an objective function, is uniquely determined by overlapping the constraint locus with selfmotion manifolds [SI. However, if one takes a local minimum of LMlNL as the initial configuration for the case of H I , the joint trajectories can blunder into the singular configurations. Also, one must consider the invertible workspace. The potential problems can be avoided if the initial configuration is chosen from the constraint locus which provides the global look at the performance of dexterity measures.
Let us consider the global property of the constraint locus of H I . As discussed in Fig. 3 , the operational space can be divided into five regions based on the properties of the constraint locus. Although selfmotion manifolds are not depicted (see [ 5 ] ) , the configuration space can be classified into five regions, four by the self-motion manifolds for singular positions, and one due to a simple manifold, that is a circle with the radius of 4.5 units [SI. Thus, we should consider the global maxima of the manipulability measure for self-motion manifolds corresponding to all five regions.
Among the optimal points given by the intersection of the constraint locus with the self-motion manifolds, one can easily find the global maxima by examining values of a given dexterity measure.
By comparing the values, one finds that LMAXL of Group I are the global maxima regardless of the location of a given task. Also, note that the invertible workspace of LMAXL of Group I spans the boundary of the workspace from the base of the manipulator. Therefore, one can obtain the inverse kinematic solution in two steps. The first is to find a global optimum on the self-motion manifold for the initial position. The second is to solve inverse kinematic algorithms, such as the extendedJacobian method consists of local maxima only. And one can find that the configurations of Group I are global maxima. Therefore, the optimal solution for any task occupying almost the entire workspace can be easily obtained by taking the configurations in Group I. Although configurations in Group IV are not global maxima, a joint trajectory that tracks Group IV can be a good solution since it does not encounter singularities. The observation readily explains the results of Chang [ 7 ] .
V. CONCLUSION
To resolve the redundancy of kinematically redundant manipulators, a concept of the constraint locus has been proposed. Based on the constraint locus, two dexterity measures were examined. The performance of these measures in the configuration space was evaluated to determine the invertible workspace without singularities, and to find the feasible loci which can reach the outer boundary of the workspace from the base of the manipulator. Finally, we presented an inverse kinematic algorithm which generates a conservative joint trajectory for almost the entire workspace without singularities by utilizing the global property of the constraint locus. Therefore, one can easily obtain singular-free joint trajectories while optimizing a dexterity measure.
From the investigation, we conclude that if one wants to optimize any dexterity measure for avoiding singularities, one should select a measure which satisfies the following criteria:
